A new proof of Euler's formular for calculating ζ(2k) is given. Some new inequalities and identities for ζ(2k + 1) have also been given. The Riemann's functional equation together with trigonometric identities were used to establish the results.
Introduction
The zeta function was introduced by Leonhard Euler as a function of a real variable without using complex analysis which was not well established at that time. He established some properties and computational values of ζ(2n) where n is a natural number. Bernhard Riemann extended Euler's work to a complex variable and established its meromorphic continuation and functional equations and defined a connection between the distribution of prime numbers and its zeros. He showed that this function has zeros for negative even numbers which he termed trivial zeros. He also defined a connection between the distribution of primes and its nontrivial zeros and gave a hypothesis that the non trivial zeros are found in the critical strip.
Identities and inequalities related to the Riemann zeta function have been studied in the works [2] and [6] and there still remains a lot to be studied. Laforgia and Natalini [6] used the Schwarz inequality to give new Turan-type inequalities for the Riemann zeta function. Ahsan et al [2] established an inequality for the Riemann zeta function which implies that in [6] . The properties of the Riemann zeta function have been studied extensively in [3] , [5] and [8] .
Materials and Methods
In his paper, Riemann [9] developed novel method of analyzing functions of a complex variable and used them to derive a new representation of the zeta function as
Riemann defined the zeta function in connection with the product of primes as
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where s = σ + it and Re(s) > 1.
Riemann also introduced other functional equations for all s except s = 1 and s = 0 as
Euler in 1734 found values of ζ(2k) for k = 1, 2, ... using the formular
where B 2k is a Bernuolli number. Equation (2.5) can be re-written as
Euler's original proof of ζ(2k) was established from two different representations of z cot z, a power series expansion obtainable from (2.10). z cot z can be expressed as
and
Comparing (2.7) and (2.8) yields (3.1).
Enrique et al [4] used the Taylor series expansion for the tangent function to prove Euler's formular as
Definition 2.1. The Bernuolli numbers B 0 , B 1 , ... are defined as the coeficients in the Taylor expansion of f (z) in B(0, 2π):
.
. are defined as B 0 (t) and for n ≥ 1 by the recursive formular By [7] , T s (x) is expressible as a polynomials in x, of degree s + 1 with rational coefficients. For example,
In [7] we can also find which is sharper than (2.18).
Also in [2] we have
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for k = 1, 2, . . . .
The Riemann
Zeta function at odd integers was also established in [1] as
22)
Results and Discussion
We begin with a new proof of Euler's formular for calculating ζ(2k). For completeness sake, we restate the result in the following theorem. Proof. Putting s = −2k + 1 into (2.3) we have
Letting s = 2k − 1 in (2.17) and making the appropriate substitution yields
which is equivalent to (3.1) as required.
Theorem 3.2. The inequality Proof. Putting s = 2k into (2.19) gives
Replacing 2k with (2k + 2) in (2.6) and with the appropriate substitution in (3.4) yields
Taking square root on both sides completes the proof.
Proof. Putting s = 2k into (2.18) gives
By using (2.6) we obtain
Taking square root of both sides completes the proof.
Theorem 3.4. The identity
Proof. Substituting (2k + 1)! = (2k + 1)(2k)! into (2.22) yields
By (3.1) we obtain
(3.7)
Using (2.15) completes the proof. 
holds for k ∈ N.
Proof. Using Theorem 3.1 and (3.7) yields the result.
Theorem 3.5. The identity 
which completes the proof.
Conclusion
A new proof of the Euler formular for calculating ζ(2k) was given. The study also presented some new identities and inequalities for the Riemann zeta function. A connection between ζ(2k + 1) and ζ(2k) as well as its negative odd values were also established.
